Exam Quantum Physics 2

Date 16 June 2015
Room A. Jacobshal 02
Time 9:00 - 12:00
Lecturer D. Boer
- Write your name and student number on every separate sheet of paper
- Raise your hand for more paper
_ You are allowed to use the book “Introduction to Quantum Mechanics” by Griffiths
_ You are not allowed to use print-outs, notes or other books
- The weights of the exercises are given below
- Answers may be given in Dutch

- Tllegible handwriting will be graded as incorrect

- Good luck!
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Exercise 1

(a) In the hyperfine structure of 3*Cl one encounters electron and nuclear spin quantum

numbers s = % and i = %, respectively. Denote the quantum numbers of F? and F,

by f and my, where F' = S + I is the total spin. Use the table below to write down
the Clebsch-Gordan decompositions of the total spin states |s,; f,ms) = I%, g’-; 1,1) and
|s,3; fymy) = }%, g; 1,0) and relate these two decompositions by using a raising or lowering
operator.

34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS
J J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —4/8/15. Notation:{ ., 5
m m
L3R | . 3 — 2
Yy = 4/-—cosf ici
Fzez 1] o o L = 2I>< V| i e my my | Coefficients
+1/2 -1/2|1/2 1/2] 1 3 ) (24172 1]+3/2+3/2
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|-172-1/2] 1 8m +1 +1/2| 4/5-1/5[+1/2 +1/2
573 o 1 +1-1/2| 2/5 3/5| 5/2 3/2
7 W=\ (5 cos™ — ;) 0+1/2| 3/5 —2/5|-1/2 -1/2
1x1/2 S ey - I 0-1/2| 3/5 2/5| 5/2 3/2
ezl i1z +1/2 Y= /15 sin 6 cos § €i® -1+1/2| 2/5-3/5|-3/2 -3/2
8T 2 -1-1/2| 4/5 1/5| 5/2
+1-1/2| 1/3 2/3| 3/2 1/2 i 3/2x1/2 = e —241/2| 1/5 =a/s)=sra
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o172| 273 13| 32| Y2 = 71/ 5o sin® 0¥ i CRETE Y l2-ie] o
|—1 +1/2| 1/3-2/3}-3/2 4V or I+3/z —1/2|1/4 34 2 1
ax1[3 =i — +1/2 +1/2]3/4-1/4] 0 0
S R 32x1 |2lsn = +1/2-1/2|1/72 1/2] 2 1
[r2+1] 1f+2 +2 [z 51 1]+3/2 +3/2 -1/2+1/2|1/2-1/2) -1 -1
+2 oft/3 2/3 3 2 1 +3/2 0| 2/5 3/5| 5/2 3/2 1/2 -1/2-1/2| 3/4 1/4] 2
1 4102/3-1/3] 41 +1 41 +1/2 +1| 3/5 —2/5|+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4|-2
+2-111/15 1/3  3/5 +3/2-1]1/10 2/5 1/2 |=372-1/2] 1
1x1 ]2 +1 ols/15 1/6-3/10 3 2 1 +1/2 0| 3/5 1/15 -1/3| 5/2 3/2 1/2
21 2 1 0+1| 2/5 -1/2 1/10] 0 0 0 -1/2+1[3/10 -8/15  1/6|-1/2 -1/2 -1/2
[ i+ +1-1[1/5 1/2 3/10 +1/2-1/3/10 /15 1/6
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1.1 1 s — —2-1| 1 e B .
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(b) Calculate the commutators of the angular momentum operators L; (i = 1,2, 3) and a
Hamiltonian with a central potential V, i.e. [L;, _ﬁ;f + V(|7])]. Use the results to show
that the energy levels of an electron experiencing a central potential do not depend on

the quantum number m.

(c) Consider the effect of a uniform electric field along the 2z direction on the four n = 2
levels of hydrogen. Recall that the Stark effect is described by the term Hg = eEz in the
Hamiltonian. Indicate which matrix elements (21’ m/|Hg|2{m) vanish and explain why.



Exercise 2

Consider a two-dimensional square well potential:

/0 for0<z<aand0<y<a
V(z,y) = { oo  elsewhere

(a) The first excited state of the system is degenerate. Give its energy and the explicit
expressions for the corresponding wave functions.

Next introduce the perturbation:

<< <<
Hz,y)=1{ 1 for 0<z<a/2and 0<y<a/2and V>0
0 elsewhere

(b) When using degenerate perturbation theory for the first excited states one generally
has to consider off-diagonal matrix elements of H’. Explain using symmetry arguments
how in the case of this specific perturbation H’, one can avoid considering off-diagonal

elements.

(¢) Calculate in first order perturbation theory the correction(s) to the energy level of the
first excited state and indicate for which potentials Vj the result is expected to be valid.
You may make use of the following integral:

a/2 a a/2 2
/ sin(nrz/a) sin(nrz/a)de = 7 / sin(rz/a) sin(2rz/a)dz = 3
0 0



Exercise 3

Consider the one-dimensional potential:

ez forz >0
Viz)= { 00 elsewhere

with positive constant c.

(a) Explain which of the following trial wave functions (all with positive real parameter
b, normalization A, and vanishing for z < 0) would be acceptable to determine an upper
bound on the ground state energy:

e—bx T $2

, Ae7% Aze ™ Asin(bz), A

A A .
z 2+ b2’ 2?4+ b2

(b) Determine the best approximation to the energy of the ground state that one can
achieve with the variational method using the following trial wave functions for real pa-

rameter b:
Aze™ forz >0

Yr(z) = { 0 elsewhere

You may make use of the following integrals:

o5 |
_ n!
e dr = .
0 bn+1

(c) Can one find a trial wave function that would give an upper bound on the first excited
state? Motivate your answer.

Exercise 4

Consider the Hamiltonian H = H® 4+ H'(r,t), where H° is time independent and H’
is a time-dependent perturbation. Consider the particular case of a two-level system
consisting of states 97 and 1) with unperturbed energies E§°) and Eéo). Let H'(r,t) =
V(r) sin(wt)é(t), for real potential V' with non-vanishing V;; = (;|V (r)|4;) for all 4, 5. In
the rotating wave approximation the probability to be in state 2 for ¢ > 0, if the system
is in state 1 for ¢ < 0, is given by

Pty = Pl e (“’it)

n h2w? 2
with ) - 0
Vo1|?] 2 EY — B
Wp = (ng _CU)2+ I ;;I :l and Wo1 = —g—h———l‘—

Explain what is the rotating wave approximation and provide the conditions on w and ¢
for which the approximation is expected to be valid. Show that the maximum probability
to be in state 2 is independent of V.



